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^SJ ' We prove a quenched central limit theorem for random walks 

with bounded increments in a randomly evolving environment on 



Z**. We assume that the transition probabilities of the walk depend 
not too strongly on the environment and that the evolution of the 
environment is Markovian with strong spatial and temporal mixing 



■ properties. 

1. Introduction. The study of random walks in random environment en- 
compasses a considerable range of possibilities that have been addressed in 
^Sl ■ an extensive body of literature. We refer to [25, 26] for recent reviews of the 

^ i field. Here, we consider a situation in which the environment is not static, 

but has an evolution with strong mixing properties and the transition prob- 
abilities of the random walk have a weak dependence on the environment. 
CN I Note, however, that we have an explicit bound on how strong the depen- 

' dence on the environment may be. In this case the situation is simpler than 

. in the case of static environment; indeed, we will see that the phenomena 

known as Sinai traps [23] cannot take place. 

Random walks in dynamical environment have been intensively studied 
rH . under various assumptions (see, e.g., [1, 2, 3, 4, 5, 6, 7, 10, 14, 17, 20, 22, 

H I 23, 24]). In fact, [7] considers quite general statical environments and even 

^ ■ though it does not formally cover dynamical environments, there seems no 

^ , conceptual difficulty in doing so. Here, we will consider a finite-range walk in 
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Z with the environment being a (rather general) space-time mixing Markov 
chain. This generahzes the case, well studied in the literature [1, 2, 3, 4], in 
which the Markov chain has a product structure; that is, at each site of the 
lattice a time-mixing Markov chain acts independently on the other sites. 
In the latter situation, it has been proven that the random walk satisfies an 
almost sure quenched (i.e., where the histories of the environment are held 
fixed) CLT for each d > 3; see [1, 4]. Here, we prove the same result for each 
d>l and for more general classes of environments. 

The general strategy of the proof follows the well-established path of con- 
sidering the process as seen from the particle and studying such a process 
via a martingale approximation [11, 16, 18, 19]. In particular, we use the 
work of [19] in the spirit of [8, 9, 20]. Yet, as we do not discuss the invari- 
ance principle and only consider finite-range walks, our arguments are a bit 
simpler and more direct than those in [20]. 

A pleasant feature of our approach is that by making heavier use of dy- 
namical arguments, we are able to employ the same methods to establish 
the mixing properties of the environment and to prove the quenched CLT. 
In fact, we first prove a CLT under some abstract conditions, then introduce 
the class of environments and proceed to prove that the above conditions 
are satisfied. 

The paper is organized as follows. In Section 2, we first describe a model in 
which the process of the environment satisfies a certain number of abstract 
conditions, and we prove the quenched CLT (Theorem 1), provided a certain 
correlation decay estimate, (2.21), can be verified. Then, in Section 2.4, we 
describe a class of models that are claimed (Theorem 2) to satisfy the above 
abstract conditions. In Section 3, we first show that the inequality (2.21) is 
equivalent to an estimate for two independent random walks evolving in the 
same environment (see [5] ) . The rest of the section is devoted to proving such 
an estimate. In Section 4, we show that the abstract condition under which 
the almost sure quenched CLT has been proven before are in fact satisfied 
by the aforementioned large class of Markov environments, provided the 
dependence on the environment is sufficiently weak. This proves Theorem 2. 
Finally, in Appendix, we recall some facts from [19] and slightly generalize 
some estimates from that paper that we need for our proofs. 

Convention. In this paper, we will use C to designate a generic con- 
stant depending only on the quantities appearing in the Assumptions (AO)- 
(A8) below. We will use Cafi^c,... for constants also depending on parameters 

a,b,c, Consequently, the actual numerical value of such constants may 

vary from one occurrence to the next. On the contrary, we will use Co, Ci, . . . , 
to designate constants whose value is held fixed through the paper. 
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2. Model and results. 

2.1. The random walk in random environment. Let / be a compact 
Polish space (including the possibility of being finite or countable) and 
6 = {0'^)q^'£d G := /^'^ be an environment on l/". We equip O with the 
product topology and the Borel cr-algebra. We assume that the environment 
has a Markovian time evolution. Let {6t)t&i be such a Markov process so 
that 9t, with values in G, is the environment at time i € N. 

We will use the notation (^t)^, q G Z'^, with values in I, to designate the 
space components of 9t at position q. As usual, we will often use the same 
notation for the random variable and its values since it creates no confusion. 

In other words, we have a Markov process with transition probabilities, 
for each measurable set A C G , 

(2.1) p{{et+i£A]\et)=p{et,A). 

We require the process to be Feller and translation invariant, that is, p{9, A) = 
p{t^6, t^A) for each 6, z, A, where (r^6')'? = 6''?+^ G /. We will call the mea- 
sure on the set i7 := G^ of environment histories generated by the process 

(2.1) started with the initial measure u on G, while we use Pg if the process is 
started in the configuration 9 €Q. We will use Epe for the expectation with 
respect to PJ;. Note that the translation invariance of the kernel p implies 
translation equivariance of the measures P^, namely ¥^zg{T^A) =¥g{A) for 
Acq and where acts on by pure space translation. 

We then consider a random walk Xt started at Xq = in such an envi- 
ronment. More precisely, let A : = {z G Z'^ : ||z|| < Ci} and Aj+i := Xt+i — Xt 
(here, and in the following, means supjujl). The process {Xt,9t)t£N is 
then defined by the transition probabilities 

(2.2) P({At+i = z, 9t+i G A} I Xt,et) = 7T,{T''Wt)p{9t, A), 

where vr^ = for z ^ A, and tTz{9) depends on 9 only through {9^)q,z\ and is 
continuous as a function of these variables. 

The basic space on which all processes studied in this paper can be defined 
is X A^, with elements {{9t)t^f^, {At)t^^). The probability measures on 
this space we are interested in are skew product measures with 'base' P^ on 
Q and the transition kernel P(6)t)5 which is the distribution of the increments 
of the walk on a given space-time environment (0t)teN- 

It is well known that to study the properties of Xt, it is convenient to 
study the process of the environment as seen from the particle. In fact, such 
a process can be considered in several ways, two of which will be relevant in 
the sequel. 
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2.2. The process of the environment as seen from the particle. We look 
at the environment history [6s) sen, not from the origin of the lattice, but 
from the random position of the particle, and use the letter u to denote 
it. Formally, u is also an element of 0, but the interpretation is different. 
On Q, we define the space-time translations r'^''' : — > $7, namely if u = 
(^DtsN.geZ'i and (6** )teN,gez<i ■=t'''''u, then 61 = 61X1. 

Let us call := 0^ the set of all possible paths of space-time histories. 
O and fi are equipped with the obvious product topologies and the cor- 
responding Borel (T-algebras. As / is separable, these Borel <T-algebras are 
at the same time product fi-algebras, so, for example, the Borel a-algebra 
on Q, is the product of the one on $7. In order to describe the process of 
the environment as seen from the particle, we define the measurable map 
$:J7 X A^^n, 

(2.3) ^{{6t)ten, {^t)tm) = (<^n)n6N with = {6t)tm, = t"'^"cjo- 

It transforms a measure into the measure Pjy : = Pf, o on n. This 
is the distribution of the process {un)nen of space-time histories, as seen 
from the particle under the basic probability measure P^. The map ^ is 
an almost sure bijection between the probability spaces (0 x A^,P^) and 
(r2,Pi,), provided the set of T°'*-invariant space-time histories {6t)t&n has 
Py-measure zero for all b. Hence, it is simply a matter of convenience on 
which basic space we interpret our random variables. For convenience, we 
also introduce the random variables LVt = ('^t)o for each t G N. Observe that 
ujt = T^*9t are elements of 0. 

In the following lemma, we collect some properties of the processes {ijJt)t<m 
and {ut)t&n. The proof is by simple direct computation. 

Here, and in the following, we will use to denote the space of continuous 
functions and Cf^^, for the continuous functions depending only on finitely 
many variables. 

Lemma 2.1. Let v he any initial measure on and let F^, be the measure 
on ft constructed from it as described above (i.e., via the intermediate steps 
Ft and VI ). 

(1) {uJt)t(^n is a Markov process with transition probabilities 

(2.4) P,{{uJt+i£A}\u;t) = J2TT,iiJt)piiOuT-'A) 

and Feller Markov operator S:C^{@) — >C^(0) defined by 

(2.5) Sf{u;):=Y,f /(TV)7r,(u;)p(u;, do;') = Ep„ (/(a;t+i)K = a;). 
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(2) [u:t)t£n is a Markov process with transition probabilities 

(2.6) P.( Wi G A}\ut) = J2 vr.((c^t)o)lA(Ti'"a;0 

and Feller Markov operator Il:C^{Q) -^C^{Q) defined by 

(2.7) n/(c^):=^7r,(0o)/(Ti'^^), 

zeA 

with the notation u = {9t)t£N explained above. 

To successfully use both types of processes, the original one and the one 
seen from the particle, it will be necessary to have initial measures which re- 
sult in ergodic stationary processes. More precisely, we assume the following. 

Assumption (AO) (Mixing). There exist unique measures and on 
G such that the processes (2.1) and (2.4), started with the initial distribution 
fie and /i, respectively, are stationary, ergodic and mixing. In addition, /ig is 
not supported on the translation invariant configurations. 

Assumption (A1) (Absolute continuity). The measures and fie are 
equivalent. 

In particular, the measure fi is uniquely characterized by the stationarity 
condition E^(Sf) = E^(f) for all / G C°(@). 

Both measures fie and /_f from Assumption (AO) can be used as starting 
measures for the process (Ot)teN of the environment, thus giving rise to 
measures Pf, and Pf, on Q. 

Clearly, P^^ is stationary, and the corresponding measure P^^ on $7 x A^, 
defined in Section 2.1, is our basic reference probability that we will denote 
simply by P*^. In contrast, the measure P^ is not stationary in general, but 
if we use it to define the measure P^ on 17 x A^, then the corresponding 
measure P := PJ^ o on CI is stationary; in other words, the process 
(cot)ten has the stationary distribution P under the probability P^. Indeed, a 
direct computation which uses the translation equivariance of the probability 
kernel p shows the following. 

Lemma 2.2. Under Assumption (AO), Epe(n/i) =Epe(/i) for each h G 
C°(n). As n does not increase the supremum-norm, it follows, in particular, 
that n is an L^(Q,F^) -contraction. 
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Remark 2.3. As the measures /Xg and n on Q are equivalent, the Markov 
measures Pf, and Pf, on $7 and the measures P*^ = Pf, and Pf, on $7 x are 
also equivalent. It follows that the same is true for the corresponding mea- 
sures P*^ o and P = P^ o on fl. Therefore, all statements concerning 
almost sure behavior of our processes have the same meaning, regardless of 
the measure we are referring to. Observe, however, that this does not mean 
that the obvious projections of P and P*^ to are equivalent. 

2.3. A general quenched CLT. We assume the following. 

Assumption (A2) (Time-mixing of the environment as seen from the 
particle). There exists r/ < 1 such that for each ip G Ci^^{@) depending on 
M variables and for each n G N, 

||5"(/.-E^((/.)|U<C7Mr/"||<^||oo. 

Assumption (A3) (Space-mixing of the environment). There exists ^ > 
4 such that ii ip C^{Q), G C^^^{Q) and the supports of (p and ip are at a 
distance L, then 

\fJ.e(^^ptp) - fJ-e{^)lJ'e(,1p)\ < C,^-^^"'^ || '/'H oo || V'll oo ■ 

Assumption (A4) (Locality of environment dynamics). There exist ^ > 
4 and | > such that for all M, L, s G N and A,B cZ'^ with diameter at 
most M and distance d(A,B) > L, for all f,g:il.^lB. such that / depends 
only on variables in A^^''"'^^ and g only on variables in 
each G ©, the following inequality holds: 

\Er^(f(ei, . . .,es)g(ei,. . . - Epe(/)Epe(g)| < CMS^L~^\\f\\oo\\g\\oo- 

Assumption (A5) (Ellipticity). There exist 7^ > 0, c> with J^zeAlz = 
1 and I E^gA 7^e*<''^> | < 1 for any leZ'^\{0}, such that vr^ (6) > cj^ for P;;;^- 
almost every 9. In the following, we will set 7 = cinf{72 7^ 0} > 0. 

Lemma 2.4. Assumptions (AO), (Al) and (A3) imply that the transla- 
tion invariant environment configurations have zero F'^-measure. 

Proof. Let d be a metric on /. Next, given b G Z"^, let Am,5 := {0 G 
Q:d((T''e)q,(9)g)<6y\\q\\<M}, A:= {9 e Q -.t^O = 9}. Then, for each nG 
N and e > 0, 

f^e(AM,6) -e< f^e(A) = /le(lAr"H^) < /ig (I^m,* ^"^^Am,* ) , 

provided 6 is small enough and M large enough. Choosing n sufficiently 
large Assumption (A3) implies 

fie(A)<fie(A)^ + CM4bn\\-^ + Ce. 
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By the arbitrary nature of n and e, it follows that /ie(^) G {0)1}) but 
/ie(^) = 1 is ruled out by Assumption (AO), hence, we must have /^e(^) = 
and P^^({6'j G A}) = ndA) = for each t £ N. The claim then follows by 
Assumption (Al). □ 

Remark 2.5. Lemma 2.4 implies that the map <I> : 17 x A^ ^ 17 is in- 
deed an almost sure bijection. Therefore, the ci-algebra ■= '^{'^O) • • • ^^t} 
and the cj-algebra o"{Ai, . . . , At, (0s)s6n} coincide P-almost surely. Similarly, 
At+i is fT(a^j, a;t+i)-measurable. 

As (cjt) is a Markov process under P, conditional expectations of the 
form E,{G\J^t) can be written as functions of ut alone if G is a{ut,tOt+i, ■ ■ ■)- 
measurable. This applies, in particular, to Aj+i. Hence, 

(2.8) E{At+i\Tt) = E ^^zir'^'Ot) = E(At+i|a(Ai, . . . , At, ^O) • • .,0t)), 

SO both conditional expectations coincide and as r-^^Ot = uJt, they are func- 
tions of iOt = (^t)o- 

Remark 2.6. Condition (A5) is slightly weaker than the corresponding 
conditions in [3, 22]. It is indeed equivalent to requiring that the set of points 
z € A with 7^ > is not contained in any affine hyperplane of M. 

Lemma 2.7. Under Assumptions (AO), (Al) and (A5), the stationary 
Markov process {uJt) with distribution P is ergodic. 

Proof. It suffices to prove that Hh = h implies h is P^-a.e. constant 
for each indicator function h. Consider a measurable set C C such that 
Ulc = Ic- Then, for each u = {6t)t(^n, 

which means that for each z £ A such that 7^ 7^ 0, (t^'^)^^C C C holds P^- 
a.e. Then, by Assumption (Al), r^'^C = C = {r^'^'y^C P;i^-a.e. since F^^^ 
is invariant under space-time translations. In addition, we will see shortly 
that the ellipticity Assumption (A5) implies that there exists s E N \ {0} 
such that 

(2.9) T^'°C = C, P^^-a.s. 

The lemma thus follows by the ergodicity of PJ^^ with respect to time trans- 
lations which are multiples of s, which, in turn, follows from the mixing of 
the associated Markov process stated in Assumption (AO). 

The proof of (2.9) is obvious if 70 7^ 0. To study the case 70 = 0, first 
notice that Assumption (A5) implies that the vectors in the set V : = {{1, z) £ 
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M X A : 72 7^ 0} C M.'^^^ must span M'^''"^. Otherwise, there would exist a vector 
(a, l)£ZxZ'^ such that ((a, I), (1, z)) = for each z € Vo = {{z € A:-fz ^ 
0} C M"^. But this means {I, z) = —a for each z G Vq, which would contradict 
Assumption (A5). 

Next, let {zi}f^l C F be a basis of M"'+^ Accordingly, for each s G Z, 
we can solve the equation Ef=i cti^j = ■s(ljO)- turn, this can be writ- 
ten in terms of a (d + 1) x (d + 1) invertible matrix with integer coeffi- 
cients and a vector a G M'^^^ as Za = s(l,0). We choose s such that 

a = sZ-i(l,0) G Z'^+^. If we let A+ = {i:ai> 0}, then t-^.=-4+ "^(^'^^^c; = 

T ^i't^+ ■' ' ■' C P^^-a.s., which implies (2.9) since for each a>b and each 
set A, (r''-^)- D t^-^^'^-^A. □ 

Our first main result is a quenched CLT, that is, a CLT under the law 
P(5ij), the measure P conditioned on the history (^j)tgN of the environment. 



Theorem 1. Under Assumptions (A0)-(A5), there exists a vector v £ 
M'^ and a d x d matrix > such that for PJ^ -a.e. environment history 

(2.10) lim —X]\f=v, 'Pj^Q^y almost surely 
and, letting ■ = — Nv, 

(2.11) ^^AA(0,S2) under P^e^y 



Proof. Recall Remarks 2.3 and 2.5 which allow us to interpret the 
random walk {Xt)t£N and all other random variables of interest as being 
defined on the probability space (12, P), and denote by E expectations with 
respect to P. Consider the filtration 

Let g{uJt) = ^{A.t+i\J-f). It is easy to see that this is a continuous local 
function of the process of the environment as seen from the particle (recall 
Section 2.2). We write 

At+i = At+i - E(At+i I J^) + E{At+i I J^) 

(2.12) 

= [At+i-E{At+i\J=f)]+g{ut)- 

Note that the first term is a martingale. Setting v := E^(g) and gQ: = g — v, 
we define 

(2.13) At+i := At+i -v = At+i - E{At+i \ J^) + go{uJt). 
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Then, E(At+i) = E^((7o) = and as ivt = (^t)oi J2t^Jo^ ^t+i is the sum of a 
martingale and an additive functional of the stationary ergodic process (ut) 
under the law P (see Lemma 2.7). Hence, (2.10) follows from 

, Af-l 

hm N-\Xn - Nv) = hm - ^ (A^+i - E(Ai+i | ) + 5o((u;*)o)) 

N^oo N^oo iV 

= 0, P-a.s. 

Observe that "P^g^) -almost surely for P^-a.e. environment history {9t) £ ^2" 
is the same as "P-almost surely." 

Of course, there is no such simple Fubini-type argument to pass from an 
unconditioned CLT (also known as an annealed CLT) to a conditional CLT. 
Nevertheless, we will first prove the unconditioned CLT since its proof is 
closely linked with a useful exponential estimate. 

We wish to solve the equation h — Sh = go that, thanks to Assump- 
tion (A2), has the bounded solution h = J2'k^=o ^"^do- We can thus write 
(observing that Xq = 0) 

N-l 

t=0 
N-l 

= J2 {^t+i - E(At+i I T?) + h{oJt+i) - Sh{uJt)} 

i=0 

+ h{uJo) - h{ujN) 
N-l 

= + ^("^o) - Kujn), 

t=0 

where At := A^ - E{At | ^_i) = h{u;t) - Sh{iOt-i). If we let M„ := Er=i ^t, 
then Mn is an .F^-martingale. Moreover, the Aj are uniformly bounded 
random variables and they are almost surely functions of and uJt+i, so they 

are functions of a;^ (see Remark 2.5). Therefore, {At-^-lAf._^_l)t is a stationary 

and ergodic process and N'^J^t^Jo^^t+iAj^i converges almost surely to a 
symmetric matrix > 0. We note that this immediately implies the usual 
CLT 

(2.15) Xn-Nv ^_^(q^2) under P 



(2.14) 



(see, e.g., [13], Theorem 3.2). 

In addition, by a variant of Hoeffding's inequality for martingales (see, 
e.g., [12]), for sufficiently small e >0 and L £ [0, iV], the following holds: 



(2.16) 



Xn+l ^n 
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This is easily seen, as follows. For sufficiently large A^, we have, for each of 
the d components separately. 



+ P |M;v| 



1 



e 

> - 
- 4 



and both terms can be estimated using Hoeffding's inequality, the first by 
exp(— Ce^^) and the second by exp(— Ce^^). 

Next, we check that > 0. Indeed, if there exists w G M'^, \\w\\ = 1, such 
that {w, TP'w) = 0, then 

= E((u;, At+i - E(At+i | + h{uJt+i) - Sh{u;t)f), 

which implies, for each t G N, {w,At-\^i) = {w,h{ujt) — /i(<^t+i)), hence 

N-l 

(2.17) -{w,h{uJN))= ^(u;,At+i) + (u;,/i(a;o)). 

t=o 

This is in contradiction with the boundedness of h. In fact, on the one hand, 

(2.17) implies \ E^=o\w, < 2||/i||oo. On the other hand, by Assump- 
tion (A5), there exists a probability larger than 7'^ to have | J2fjo^{''^i ^t+i — 
v)\>C^N. 

To obtain more refined information, it is convenient to consider the finer 
filtration 

Tt := a{Ai, . . . , At, {6s)sm} 

and the decomposition 

(2.18) At+i = (At+i - E(At+i I Tt)) + E(At+i | J^t). 

Clearly, Zt := X]s=i — E(As | J^s-i) is a martingale with respect to the 
filtration J^f Let 

so ^ is a continuous local function on 0. Then, 

(2.19) E(At+i \Tt) = Y. z7T,{T''^9t) - V = giT'^'Ot) = ~g{uJt). 

Recall that u = (u;s)sgn- Define G(a^) := g{uJo). By Lemma 2.1, Remark 2.3 
and Section 2.2 on the environment as seen from the particle, we have 

^{At+i\Tt) = ~g{uJt) = G{ut), 

(2.20) 

E(At+i I r^) = n*G(cuo) = E(G(cJt)|a(cuo)), 
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where (o^j) is the Markov process defined in Section 2.2. Thus, the remainder 
in (2.18) is an additive functional of this Markov process. 

The next idea, following [20], is to use [19], Theorem 1, to conclude. To be 
precise, [20] uses [19] in conjunction with the theory of fractional cobound- 
aries developed in [8]. In fact, since we are discussing random walks with 
bounded increments, the use of [8] is not really necessary and a slightly 
more quantitative version of [19] allows us to conclude by a simple Borel- 
Cantelli argument; see [21] for a similar strategy. For the reader's conve- 
nience we present the needed modifications of the arguments from [19, 21] in 
the Appendix. Indeed, Theorem A. 2 shows the following. Given any u; G M*^ 
and p > 0, if 



(2.21) ^n-3/2(lnn)/ 



n=l 



n-1 
k=0 



< OO, 



then J2l=o G{u}s) can be decomposed, under the stationary law P of (cJt)jgN, 
as Mf + Rt, where Mt is an L^(ri,P) martingale with respect to the fil- 
tration J^t = <7{^0) • • • (see Remark 2.3) and limTv^oo N~^/'^Rn = in 
L^(fi,P). In addition, Mt — Mt^i is crjcjt^i, cj^j-measurable and it can be 
written as H{ut~i,uJt) for some M'^-valued function € L^(0^, P2), where 
P2 is the two dimensional marginal of P. That is, /q2 f{uJ,uj')P2idw, du') : = 
S^eA/e2 '''"z('^)/('^5 ■^"^'^'^)^^t('^'^)- W^e thus have that 
t 

Xt = Y,K, = Zt + Mt-i + Rt-i = Zt + Mt + Rt, 

s=l 

where Zt + Mt is an .Ft-martingale and Rt = Rt-i — H{ut-i,ijJt) is of or- 
der 0{t^/'^{\nt)-P) in L2(f2,P); see Theorem A.2. Define the M'^^ '^-valued 
function FgL1(1^,P;^) by 

F{uJs) := E((Z,+i + Ms+i -Zs- Ms){Zs+i + M.+i - - M,)'^|.F,) 

(observe that F depends only on ujs, due to Remark 2.3). Then, the average 
(conditional) quadratic variation of the M'^-valued martingale Zt + Mj, for 
P^-a.e. environment history {9t)ten, is given by 

1 

lim - VE((Z,+i + Ms+i -Zs- Ms){Zs+i + Ms+i -Zs- MsflJ's) 

= hm -^F(^,) = Epe(F), 

where we have used Birkhoff 's theorem and the ergodicity of the process 
(ut) under P (see Lemma 2.7). Hence, for P^-a.e. (Ot), we have convergence 
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+ Mt) =^ AA(0,Epe (F)), by standard martingale CLT convergence 
theorems. 

Indeed, one may apply [13], Theorem 3.2, to the conditional martin- 
gales "Zt + Mf given (Ot)" To do this, one needs to check that for P^- 
a.e. (Ot), this conditional martingale satisfies a conditional Lindeberg con- 
dition which, in turn, is implied by the slightly stronger requirement that 
linit^oo jJ2izJo^ifse^i^s,<^s+i)\^s) = P-almost surely for each e > 0, where 

Ms. But, for each u> 0, 

^ t-i ^ t-i 

s=0 s=0 

P-almost surely by Birkhoff's theorem and the observation that (ut) is a 
Markov process, and this value tends to zero as n ^ oo. 
Note also that 

(2.22) Ep. (F)= lim N-^E{{Zn + Mn?) = lim N-^E{Xjf) = T,'^, 

in particular, Epe (F) = > 0. 

The last task is to prove that the remainder t~^/'^Rt converges to zero 
almost surely. Given the available estimates, we first prove it only for the 
subsequence t € Tq := {[1 + jA;~"]2*'}fcgN^o<j<fc'') where a > 1 is such that 
2p > 1 + a. Here, we assume that p > 1, for which (2.21) holds. Indeed, by 
Theorem A. 2 and Chebyshev's inequality, it follows that 

^ V{{\t-^/^Rt\ > e}) < Ce-^ ^ (Int)-^^ < Ce-^ ^ k^^^P < oo. 

teTa t&a fcGN 

By Borel-Cantehi, it follows that t'^^^Rt converges to zero almost surely 
along the subsequence Tq. Accordingly, along the subsequence T^, condi- 
tioned on P^-almost every environment history, the random variables N~'^^'^Xjs[ 
converge weakly to a Gaussian with variance S^. To conclude, we use the 
fact, quantified in (2.16), that N~^^'^Xn changes very slowly. Given any 
n e N, let riT^ e Ta be the element of Ta closest to n. Then, (2.16) imphes 

J2pff^_ ^ >e])<J2 Ce-^^'"/l"-"-''l < J2 C2'=e"^^''='' < oo. 



provided a > 1. Hence, again by Borel-Cantelli, the sequence (^ — J^j^ ) 
converges to zero P^-almost surely, which implies the claimed result. 

The theorem is thus proved, provided (2.21) holds with p > 1. In Sec- 
tion 3.2, we will see, following [5], that such an estimate is equivalent to 
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estimating the number of times two independent walks in the same envi- 
ronment come close. We will then show that (2.21) is indeed satisfied under 
Assumptions (A0)-(A5). □ 

2.4. A concrete model: weakly coupled Markov chains. We have seen that 
under some assumptions, it is possible to prove a quenched CLT theorem 
for the random walk. It is now time to present a concrete class of examples 
in which such assumptions are satisfied. 

Let K(6,dy) be a transition kernel that specifies the transition probabil- 
ity from 0" G I to ?/ G / given the rest of the configuration 9^^ := {OP)p^Q. 
Clearly, JjK{6,dy) = 1. We further require that for each u S C(7) and 
q G Z'^, the function u defined by u{6) := Jju{y)K{9,dy) belongs to C°(6). 
bo, we can define a Feller Markov operator /C : C°(e) ^ C°(e), 

(2.23) {JCfm := / n K{T'^d,dy,)f{y). 

In fact, fC is clearly well defined on C[q^(0) and it extends, by continuity, to 

ah of c°(e). 

Assumption (A6) {Local mixing). For each 6,6 £ Q such that 9'^ = 6'^ 
for all q^O, we assume 

\K{9,dy)-K{e,dy)\<2do, 
where the norm refers to the total variation of measures. 

Assumption (A7) {Weak coupling). For each p / and 9,9 gQ such 
that 9'' = 9'^ for each q^p, we assume 

\K{9,dy)-K{9,dy)\<d,. 

Assumption (A8) {Long range hound). There exists ^' > max{4 + (i, 2(i} 
such that for all L > 0, 

dg<CL~i'. 

\k\\>L 

Assumption (A9) {Dobrushin-like conditions). Write the transition prob- 
abilities of the random walk in the form Trz{9) = Oz + t^z{(^)^ where € 
[0) 1]) Z^zeA^^ = 1 and vr^ depends only on 9"^ , p G A. Then, setting D := 
X^zgA II'''"^IIoo5 consider the following hierarchy of conditions: 

(a) m-=Y.q<^i.'idq<l; 

(b) ??i:=(l + (l + 2|A|)Z?)r?o<l; 

(c) r?i < 1; D < 1; ??o < (1 " D)(«'(i+'^))/«'-'^) . 
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Remark 2.8. In the case of finite-range interactions {dq = for ||g|| 
larger than some R> 0), a polynomial decay of time correlations suffices 
to prove the CLT. One can then use the strategy employed at the end of 
Section 4.5 to obtain the result under a weaker smallness condition than the 
one stated in Assumption (A9). 

In Section 4, we will prove the following theorem. 

Theorem 2. (i) Each Markov environment satisfying Assumptions (A6), 
(A7) and (A9)(a) enjoys property (AO), although only relative to ^Ug. 

(ii) If (A9)(b) is also satisfied, then (AO) also holds for fi. 

(iii) If, in addition, it satisfies property (A8), then it also satisfies As- 
sumptions (A2), (A3) and (A4). 

(iv) Finally, if Assumptions (A9)(c) is also satisfied, then Assumptions 
(Al) holds. 

Remark 2.9. The above assumptions are very similar to (although 
much more general than the ones used in [1, 3]. In fact, in [1, 3], the Markov 
chains are independent at each site, this corresponding to dg = for each 
g 7^ so that r/o = do in Assumption (A9). Also, the random walk is a near- 
est neighbor walk and the transition probabilities depend only on the site 
presently visited. This corresponds to having vr^ depending only on 9^ in the 
present setting, which would imply that the constant (1 -|- 2|A|) in Assump- 
tion (A9) can be replaced by 3. In the situation described above, one can 
compare our results with the previous ones (keeping in mind that [3] holds 
only for d > 3, while [1] only for d> 7). For example, let us compare with 
[1], which presents sharper results in its realm of applicability. 

The assumptions of [1] are in terms of the two parameters k and e, where 
1 — K gives a bound for the rate of mixing and thus corresponds to our r]Q. 
The parameter e is the best constant such that vr^ > ea^- The equivalent of 
Assumption (A9) (the only relevant condition here) in [1] reads k + e'^ > 1, 
that is, K = 1 — e'^ for some 7 > 2. This is sufficient for the annealed CLT 
in [1], but 7 > 6 is assumed for the quenched CLT (indeed, not only CLTs 
but Donsker-type invariance principles are proved in [1] ) . To see the relation 
with our conditions, let us consider the simple case in which Ivr^l < (l — e)az- 
[In fact, the following holds more generally, as can be seen by using the 
decomposition (4.15).] Then, D = 1 — e and Assumption (A9)(b), in the 
language of [1], reads {1 + 3(1 — e)){l — k) < 1, that is, K + {4 — 3e)~^ > 1. One 
can easily verify that the above condition is better than K + e'^ > 1, provided 
e < 0.75. Furthermore, if k = 1 — for some 7 >3,thenK-F(4-3e)-^ > 1 for 
all < e < 1 . As for the condition Assumption ( A9) (c) , a direct computation 
along the lines of Section 4.5 yields that it can be replaced, in this case, by 
rjQ + D < 1, that is, k + e > 1, which is always weaker than the above. The 
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reason is that ah truncated operators in the proof of Lemma 4.8 coincide 
in this case with the untruncated ones so that the estimates in (4.21) and 
(4.27) can be replaced by equahties. As a result, the estimate in Lemma 4.8 
is uniform in n. In other words, our conditions are weaker than the condition 
under which the quenched invariance principle is proved in [1]. 

3. Proofs: CLT under Assumptions (A0)-(A5). In this section, we prove 
Theorem 1. 



3.1. Equivalence of (2.21) with a two-walks estimate. As discussed in 
Section 2.3, it suffices to prove (2.21). Recalling (2.20), for each w G M*^, 

Ikll < i> 



N-l 



i=0 



N 



E E(E{{w,At)\:Fo)E{{w,A,) \ J^o))- 



t,.s=l 



The above formula has a very interesting interpretation: consider two inde- 
pendent random walks both starting from zero and evolving in the 
same environment {6t) described by the transition probabilities (2.1). That 
is, setting := Xt+i - Xt-v, Aj^i := Yt+i - Yt-v, we have 



P({(A^i, Af+i) = (z, z'),et+i G A} I Xt,Yt, Ot 



= 7,,{T^^et)7iAr''et)p{euA). 

Let us call the law of such a process when the environment is started 
with the measure v and denote by the corresponding expectation. Then, 



(3.1) 



N-l 



5:(^,n*G) 

t=0 



N 



J2El{{w,Af){w,A^)). 



t,s=l 



Remark 3.1. Note that if the process {Xn,Yn) satisfies the CLT (which 
is, in fact, a consequence of what we will prove later on), then (3.1) corre- 
sponds to the off-diagonal part of the covariance of such a process. From this 
point of view, condition (2.21) says that the two walks are asymptotically 
independent. 

3.2. The two-walks estimate: ojf-diagonal variance. Let L^v := ^InA^, 
for some fixed A > to be chosen later [see (3.10) and (3.12)]. 

Lemma 3.2. There exists 5 > such that 
(3.2) El{CaTd{t<N:\\Xt-Yt\\<LN})<CN^~^ (iVeN). 
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This lemma is proved in Section 3.3. We now complete the proof of (2.21) 
using the lemma. 

Let us introduce the filtrations 

^o,xy ^^^Xq, . . . ,Xt,Yo, . . . ,Yt,9o, ■ ■ ■ ,0t}, 

^t^^ ■= <y {^Q, Xt, Yq,..., Yt, {9s)sgn} 

and the filtrations J-^'^ and J'^f'^, which are just the ^X- and y-versions' 
of the previously introduced J-j^. To estimate (3.1), we start by considering 
the case i < s. As and are conditionally independent given J-^ ' , 
we have 

Eliiw, Af){w, Af)) = (E^ ((^, Af) \ J-°'^^)e2 ((u;, Af) | .^'^^)) 
= El{{w,El{Af I .^■^))(t.,E2(Ar I 7f'^))). 
Calling cu^ the environment as seen from Y, we have 

E^(Ari-Fr)=s-*-v^r). 

Assumption (A2) then implies 

\El{{w,A^){w,A^))\<Cr^^-'-\ 

Hence, for each a > |, setting b= and defining Tjv := 61n(lnA^), we 

have 

Y: \El{{w,Af){w,Al))\ < CaN {In N)-'(P+'^\ 

|t-s|>Tjv 
l<t,s<Af 

(3.3) 

Since the roles of t and s are interchangeable, it remains to consider the 
cases for which s>t> and s — t < T/v- Let us write Aj ^ = {w, Af) and 

'^w,t = W'^ ^Y) • We can then write 

\El{{w,Af){w,Al))\ < y ^\yL^}A^,Al,s)\ 

(3.4) 

+ CFli{\\Xt^T^-Yt^Tj<LN}). 

Let us set A^^t '■= {||^t-Tjv ~ ^t-Tjvll ^ Ln}- Using the fact that A^j and 
A^ 3 are conditionally independent given J^^Jp^ , we can write 

\El{U^X(^ltK,s\^lTl))\ 

= lEiiu^XKiAi, I mj^U^l, I ^Sj I ^^^^Di- 
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Q 

We want to estimate the conditional expectation with respect to ^Ltn ' 
To tjiis end, we fix 6*0, . . -jOt-TN , Xq,..., Xt-T^ and Yq,..., Yt-T^ ■ Then, 
KfXA^^^ I ^^Tr^) and ^^(A^ | J^^Jr^) ^"^^ functions of two subsets of the 
spatial coordinates of the T/v + s — t < 2T/v variables 6t-Ti^+ii ■ ■ ■ i^s and 
these subsets are separated by a distance L^ — CTn > Ln/2. Since ¥?^{f {Oi-Tn : 
. . . ,ds) I J^^^) = Epe (/), we can apply Assumption (A4) and estimate 
the first term on the right-hand side of (3.4) by 



(3.5) 

< E(|5^-5(u;f-T,)l • |5-*+^-5(u;r-T,)l) + 
<C(7?^-+L-«4). 
Hence, if > 2p, then 

y: \Ei{{w,Af){w,Ar))\ 

\t-s\<b\n{lnN) 
l<t,s<N 

(3.6) 

^ C^,,iV(lnlniV)g+i Vip2r4^ ^^T^ 
(h^iV)« ^ V(^7V,t) + Tn- 

Combining (3.3) and (3.6), proves (2.21), provided that ^ > 2p + 2. [Note 
that because ,^ > 4 in Assumption ( A4) , we may choose p > 1, as required 
at the end of Section 2.3.] 

3.3. Estimating the number of close encounters. We first reduce (3.2) to 
a simpler inequality. 

Lemma 3.3. There exist (3 G (0, 1), Co > such that for any £ Q and 
any a, b such that \\a — b\\ > Ljsf, we have 

(3.7) FliWXj - YjW > Ln for j = 1, 2, . . . , N\Xo = a,Yo = b)> 

[Here, Fg is the underlying probability for the process {6t,Xt,Yt) started at 
00 = 0.] 

Proof of Lemma 3.2. We start by noticing that Assumption (A5) 
implies, for each a,b £ Z*^, \\a — b\\ < Lj\^, that 

(3.8) Fl({ sup \\X,-Yi\\>LN] Xo = a,Yo = b)>j^^, 

\ Lo<j<Ljv J ' 
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the latter being the probability of one fixed path in which Xi , Yi get further 
and further apart at each step. Accordingly, for each g <1 — P, we have 



sup \\Xi-Yi\\<LN 

O<i<N0 



Xt) = a, Yn 



(3.9) < n (1-7 



where we have chosen A such that 

(3.10) ^>4Aln7-^ 

Next, consider the sets := {(x, y) : \\x — y\\ < R}, B'^ := {\\x — y\\ > R} 
and the stopping times, for k > 0, 

so := inf{j G N : {X„Y,) G B^^, (X.+^Y.+i) G B+J, 

S2k ■■= inf{j G N :i > S2k-2, {Xj,Yj) G Bl^,{Xj+i,Yj+i) G B+J, 

si := inf{j G N:i > 50, {Xj,Y,) G (X,+i, y,+i) G B^J, 

S2k+i ■■= inf{j G N:i > s^k-u {X,,Y,) G (X,+i, y,+i) G B^J. 

Clearly, S2k < S2fc+i < S2k+2 and Sk > k. As Xq = Yq, these stopping times 
are adapted to the filtration T^''^'^ . With this notation, (3.9) implies 



_ Are/2 



Pif (sup(s2i - S2^^l) > iv4) < iVsupP^({s2i " S2i-1 > iV^}) < Nc 
\ li<N J / i<N 

Let us set J := inf{A: G N : S2fc+i > iV} + 1- Obviously, J < N/2 + 1. Clearly, 
J is the number of intervals in which the two walks are closer than L at before 
time A'^. Since the above estimate tells us that such intervals are shorter than 
A^^, with overwhelming probability, we have 

(3.11) E^(Card{n < A^ : ||A„ -Yn\\< L^}) < N'^e'^''^ + N<^¥?(,{J). 

It remains to investigate the lengths of the intervals of time in which the 
two walks are closer than Ljv or (which is the same) the ones in which they 
are further apart than L^- Let 5„ := {sup;j<„(s2fc+i — S2k) < X} and denote 
by -^52^^ the a-algebra associated to the filtration T^'^^ and the stopping 
time S2k- Then, 

Pi({ J > n + 1}) = P^({s2fc+i <Nyk< n}) 

< P^({s2fc+i - S2k <Nyk<n})= E^(l5j. 
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Thus, by (3.7), 

P2({ J > n + 1}) < EjilsJ = E2(15_^P2({S2„+1 - S2n < N} \ Sn-l)) 

Thus, letting 1 — g>a> (3, it follows that 

p2({j>Ar-})<Ce-^o^""', 

which means that E2( J) < iV" + iVF^({ J > iV"}) < CiV". In view of (3.11), 
this proves (3.2), provided we have chosen 5 sufficiently small that q + a < 
1-S. □ 

Our program is thus completed once we prove (3.7). To this end, an 
intermediate result is needed. 

Lemma 3.4. Given R> 0, take two points and bji such that \\aR — 
bjiW = R. For each e G (0, 1], consider two walks starting at or and hn, re- 
spectively, and define the stopping time t^.r as the first time n such that 

\\Xn-Yn\\<^ or \\Xn-Yn\\>2R. 

There then exist R^ G ]R_|_ and C2 > such that for each R> R^ and each 

Fj{{\\Xr,^^-Yr^J>2R})>^-C2e, 
¥ji{\\Xr,^^-Yr,J>2R})>l. 

Proof. Of course, the estimate in the statement is essentially sharp 
only in one dimension. If d > 1, then the probability is actually close to 
one. Yet the above estimate suffices for our purposes. So, in the higher- 
dimensional case, we will control only one coordinate, whereby we obtain 
the same estimate as in one dimension. 

We decompose (X„,y„) in the same way as we decomposed Xn in (2.14). 
Observe that E(A^i|J^'^) = E(A^i|J^f '^'^^). Define 

M„^^ := (l„,y„) - {h{u;^),hiLO^)) + {h{u;^),h{u;l)). 

As before, M^^ is a bounded martingale with respect to the filtration 
.7^^'^^, while the remainder is a bounded boundary term. Since ||aij — = 
R, it follows that there exists a unit vector vr such that {vr,Xq — Yq) = R- 
If we now define a new stopping time as the first time n for which 

eR 

{vR,Xn-Yn)<— or {vR, Xn - Yn) > 2R, 
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it then follows that 

p := Fj{{{vR, X.* - ) > 2R}) < Pi({||X,^ - Yr, \\ > 2R}). 

Note that Eg(T^) < oo. Indeed, by the ellipticity Assumption (A5), 
infe,„P^({supo<i<2R KwR,X„+j - Yn+i)\ > 2R}) > /3 > 0. Hence, it follows 
that Fj{{T^ > n}) < C(l - Thus, 

EjiivR, X.. - Yr*J) = EMvr, -vr),M^^)) + Oil) 

= EliiivR, -vr),M^^)) + = R + 

while, on the other hand, 

Eli{vR,Xr*^ - Yr* )) < 2Rp + ^(1 -P). 

The above two equations readily imply p > ^ — | — CR~^, which is what we 
wanted. The second inequality follows similarly. □ 



We can conclude by proving (3.7). 



Proof of Lemma 3.3. Let Xo = a and Yq = b, with \\a — b\\ > Lm and 
KG (^5 !)• Using the ellipticity Assumption (A5) for the first Ln steps, the 
second estimate of Lemma 3.4 for the next ln2 steps and, finally, the first 
estimate of that lemma for another log2 A^'^ steps, we obtain 

W'liWXj- YjW reaches N'^Ln before Ln) 

> 7^'Vg-2(i _ c^et^^^^ > e-2jv--c^3e-Ain7-\ 

In other words, there is a polynomially small probability of making an ex- 
cursion of size N'^Ljsi before returning to a distance L^r. On the other hand, 
once we have such a big excursion, Hoeffding's inequality (see, e.g., [12]) 
implies that it will take more than N steps to come back, indeed 

inf \\X.-YA\<Ln 



<2supP0(( sup \\Xj\\> N''Ln/'6\ 



Xn = ) < CNe~^^'' 



The last two inequalities imply (3.7) with /3 = k + C^e + A In 7"^ and Cq 
Ce~^, provided we choose ^ > and e > sufhciently small that 

(3.12) K + C3e + ylln7~^ < 1. 



This proves Lemma 3.3. □ 
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4. Proofs: the environment. In this section, we prove Theorem 2. 

Remark 4.1. The reader is alerted to the fact that the fohowing argu- 
ments are more of a functional analytic than of a probabilistic nature. In 
particular, we will work with the Banach space A^(B) of complex- valued 
measures, rather than just with probability measures. 

4.1. The environment: time mixing. Following [15], we will lift the dy- 
namics to a rather abstract space and prove that such a lift enjoys a spectral 
gap. This will imply the desired results. 

In fact, we want to lift the dynamics to the space B ■.= C® ^peZ'' " 
where Mp{Q) := G M{@) : i-L{ip) = V93 G C°(6) that do not depend on 
Bp} and the closure is taken with respect to the norm 

||/2|| := sup{|c^|, |;Up| ■.p£Z'^}. 

Here, we use the notational convention that an element £ B has compo- 
nents € C and p, := {np)p with fip £ M.p{Q) and, for each complex-valued 
measure // G A^(0), |//| is the total variation of fi. For example, if 
{p G Z*^) are probability measures on such that Up = v'p for all p q and 
we set 1/ := (gjpg^d i^p, v' := ^p^j^d v'^, then v - v' £ Mq{Q). 

To define such a lift, we first need to define a map ^ : A^(G) — > B and a 
projection Vv.B ^ A^(0) that allow us to transfer objects between the two 
settings. 

The choice of the first map is quite arbitrary; we will fix a convenient one. 
Consider a strict total ordering -< of such that ^ p for each p£TL'^\ {0}, 
and the set {(7 : <? ^ contains the box (centered at zero) of size C4||p|| and 
is contained in the box of size C5||p||. For example, one can start from zero 
and spiral out on larger and larger cubical shells. Let 5+ be the successor of 
q (i.e., q ^ q+ and there are no q' G Z'^ such that q ^ q' ^ q+)- 

Let m be an arbitrary probability measure on O, fixed once and for all. 
For each g G Z'^, we can then consider the c-algebra J-q determined by all 
the variables oj'^' with q' -< q, hence J-q is the trivial a-algebra. Call x'^p and 
x^^ the set of coordinates with indices smaller (resp. larger) than p. 

Next, for each q G Z'', define the operator Jg :C°(9) C°(0) and its dual 
J'^:MiQ)^MiQ) by 

(4.1) Jqf := mi{f) - m'^+if), J'^^,{f) := /^{JJ), 

where m'^ is the marginal of m on the J-q variables. In other words, given 
a local function / G C^{Q) and a point q G Z*^, m'^{f) depends only on x-'^ 
variables, namely 

"^'(/)(^-'')= / /(y^^x^'')m(dy^^dy^'?). 
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For each local function /, we have 

f = m{f)+J2j,{f). 

Note that as / is local, there exists a box A C Q such that / depends 
only on the variables {ujq'.q G A}, but this means that the sum consists 
of only finitely many terms. Accordingly, for each G A^(0), we define 
jl:= fi — /i(l)?n and for each f ^C^ and q G Z"^, we consider Jgfi{f) = jl{Jqf). 
Then, J'^fi (z Aiq{@) and we can define the lift 



Remark 4.2. If one chooses m := (8)gg2d m=K , that is, a product measure, 
where is an arbitrary probability measure on /, then a direct computation 
using definition (4.1) yields Jgf = Em{f \ T^) - Em(/ | T^^), where is 
the (T-algebra determined by the cjp with p'^q and is the expectation 
with respect to m. Moreover, J'^ra = for all q G Z'^, hence J^/i = J'q[i. The 
reason to allow nonproduct measures in spite of the slightly more complex 
definitions is their usefulness in Section 4.5. 

On the other hand, for each /i = (c^, {fip)p) G B and local function /, we 
can define 

(4.2) Pr/i(/) := c^m(/) + ^ fi^if). 

Remark 4.3. Although Pr/2(/) is well defined on each local function, 
Pr/i is not necessarily a measure. Yet, Pr ^/x = fi for all fi G M{Q) since for 
each local function /, 'iTi(J2q Jqf) = ^I'if — ^if)) = 0. There thus exists a 
subset Bm C B containing \I'(A^(0)) such that each element of PrBm gives 
rise to a bounded linear functional on the space of local functions, hence 
uniquely identifies a measure. In other words, for each /2 = (c^, (/ip)p) G Bm, 
Cf_im + J2p£Z'i /^P converges weakly to a measure that we call Pr/2. (Note that 
here the order of the series may matter; we tacitly assume that the order is 
the one given by the relation -<.) 

Now that we know how to lift measures, we must describe how to lift the 
dynamics. For each local function / and p G Z'^, we decompose 



(4.3) 



qeZ'i\{p} 
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with operators JCp and JCp^q defined as follows: for each q € Z*^, setting q' -<p 
Q ■■'^ q' - P ^ q - P, 



(4.4) 



X 



n i^(r^'^,d/)/(y), 



® g'eZd\{p} 

where w^^^ = w^' for each q' 7^ p, while ca^^-^ = a for some fixed a £ I. It 
is easy to see that the series in (4.3) converges due to Assumptions (A7) 
and (A9)(a). The fundamental fact of the above decomposition is that if / 
does not depend on co^, then JCp^qf = 0. Accordingly, for each fi £ J^{Q), 
IC'p gfi G Mq{@). In addition, if ^ G Mp{Q), then IC'pfi G Mp{@) since if f{y) 
does not depend on y^, then ICpf also does not. Define a = (1, a) = (1, (ap)p) 
by 

(4.5) Q::=^'(/C'm). 
Also, let 

(4.6) /CVp= >^p,qf^P + >^pf^P- 

gGZrf\{p} 

Finally, (4.6) suggests that we define the operator K.:B ^ B by 

(4.7) KfL\={c^,c^6i + Ajl):=[c^Ac^aq + K!qiXq+ ^ ^p.g/^p 1 ]• 

For all /U G A^(0), local functions / and n G N, we have 

Prr^^^(/) = ^(/C"/). 
Thus, IC{Bm) ^ and the dynamics of /C covers the original one. 

Lemma 4.4. The hypotheses (A6), (A7) and (A9)(a) on the Markov 
process imply \\A\\ < J2q dg = 7]q < 1. 

Proof. Let u G Mq{e) and / G C^. Define / by JCqf{uj) = J K{t1u;, 
dy'i)f{y'^,ijj). Then, |/|oo < |/|oo and / does not depend on uj'^. Now, by 
Assumption (A6), it follows that, varying uj'^ , J K{T'^uj,dy'^)f{y'',Lo) changes 
by at most 2do- Hence, for each {u;P)p^q, there must exist a', a" G / and 
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t G [0, 1] such that defining to' and uj" as those configurations which are 
obtained from a configuration uj replacing lu^ by a' or a" , respectively, and 
defining K{uj, •) = tK{uj', •) + (!- t)K{uo" , •), the following holds: 



<do\f\c 



KiT'^io,dy'^)f{y'',u;)- J kiT'^u;^^),dy^)f{y'^,u;) 



Thus, 

<do|HI/|oo. 

While, by Assumption (A7), for all p ^ q and all /x, we have |/Cp_q/ip| < 

Hence, the fixed point equation /C(l,/Z) = has the unique solution 

(1,(1 -yl)^^Q), which can easily be seen to project down to a stationary 
probability measure /ig on 0. Indeed, given any probability measure the 
set {IC^'iy} will have weak accumulation points. On the other hand, calling 
(1, u) the lift of ly, we have that ^"(1, P) = (1, A^i? + Efc=d ^''^) a lift of 
/C"V. Hence, the measures /C"V must agree, on local functions, with the 
projections of the /C (1,^') and it follows that 

(4.8) fl := lim u) = (1, (1 - A)-^a) 



n— >oo 



projects to a unique invariant probability measure He which is the weak limit 
of the sequence (/C"'z/). 

Finally, the operator fC has a spectral gap, which implies exponential time- 
mixing of this invariant measure, that is, the analogue of property (A2) for 
the Markov evolution of the environment and the measure /ig- In particular, 
we have proven Assumption (AO) relative to /Ug. [The fact that yUg cannot be 
supported on the translation invariant configurations is a direct consequence 
of Assumption (A6); see also Lemma 4.4.] 

Remark 4.5. Note that the above argument would hold verbatim for 
more general, site-dependent, kernels Kq{T^6,dy'^) [instead of K{T^9,dy'^)], 
the only difference being the loss of the translation invariance of /ig. 

4.2. The environment: space mixing. For property (A3), we need an ex- 
tra argument. Given a function Lp E C^{Q), let us call h.{ip) C TI^ the set of 
variables on which ip depends. That is, A((/9) is the smallest subset of Z'^ 
such that ip{x) = (p{y) whenever x,y gQ with x^ = y^ for all p S ^{^)- Also, 
let us call Cjqj, the set of continuous local functions [i.e., is functions for 
which A(93) is a finite set]. Finally, for any two functions 93,^ eC''(G), let 
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Plp,^) '■= infjllx — y\\:x £ A{ip),y £ A{ip)}, the distance between the sets of 
dependence. 

For each ip G CfJ,^ and ip such that p^^, = L and A((/9) is contained 
in a box of size Z, we want to estimate fieifip) — fJ^eiv') l^eiip) ■ Let us de- 
fine Al{(p) := {q G Z'^ : infpgA(<p) ||p - q\\ < L}. Clearly, Al((^) n A(V') = 0. 
Moreover, Ai((^) contains at most + L)'^ sites. Next, for each n G N, let 
r := L/2n. Our main idea is to modify the kernels so as to define a new 
process with coupling range less than r in Ax, (</?). To do so, we define, for 
each q G Al{{p), the cutoff kernels 

Kr,,[u;,cly) .- | ^(^^^, ^y), if ^ ^ Ax(^), 
where, for some fixed b£ I, 



p 



_ ^mp-q\\<r, 

\b, ii\\p-q\\>r, 



ojP =/^^' if ^11 < ^ or Al((/?), 
\h, if llp-g'll >r andpG Al((^). 

We can then use the above kernels to define the operator as in formula 
(2.23) (see also Remark 4.5). Note that such an operator is close to the 
original one; indeed, for each G C^{Q), 

\\^<t>-'moo< E E ^-ii'^iioo+ E E dp^i 

(5reAL((/3) P||>r (j^AL((p)pGAi(v5) 



(4.9) 

<C{l + Lfr^^' 



l|p-9ll>'' 



by the long-range Assumption (A8). We can thus write 

He{<fi^) =Me(/C"((^V)) 

(4.10) = Me(X"((^^)) + 0{n{l + L)'^r-«'||(^Vl|oo) 

= Me(CX:"99)C^/C" i^)) + 0{n{l + Lfr~^' 



At this point, it is natural to define measures i'n,ri4') •= A*e(0'^^^"V')- Note 
that the lift of such a measure to the space B is given by ^'(f„^,.) = (fj^eiJlC^tp), 
i>n,r) with ||^'(t'„^r)|| < 4||^/'||oo. By the results of the previous section (and 
Remark 4.5) applied to the operator 7C, it follows that there exists a measure 
such that TC'/ir = and, in addition, 

kn,r(X"(^) - ;U,((^)/ie(X"V')l < Ccj"Z^||(/p||, 



Observe that due to the constructive nature of the proof in the preceding 
section, the constants C and a do not depend on r. 
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The above estimates applied to the case ■0 = 1 (i.e., to Un^r = /^e) imply 

\fie{ip) - fir{^)\ < Ca'n'^\\ip\\oo + Cn{l + L)'^r-^' \\ip\\oo. 

Choosing n proportional to InL, the two last facts and (4.10) together yield, 
for / < L, 



|^e(¥'V') - Ate(¥')/^e(^)| 

< |Z^„,^(X"(/?) - fie{^)HeW\ + C 



n{l + LY 



(4.11) 



I oo II lloo 



<|Me((/^)||/^e(X»-/ie(^)| 

+ C(nL'^r-5' +rf)||v3| 
<C{L-^'+\\nLf'+^M\M\oo). 
Clearly, (4.11) implies the space-mixing property (A3), provided + d. 

4.3. The environment as seen from the particle. The above construction 
can also be used to achieve our other goal — the study of the dynamics as 
seen from the particle. That is, we wish to study the operator [see (2.5)] 



(4.12) 



5/(c.) = 5]7r,(^)/C(T^/)(, 



We will use the same space as in the previous section, the only new dif- 
ficulty being to define the covering dynamics. To this end, let us define 
:^ ^ ^ by B,/i := (c^, ((B./i)^),), where (B,/i)g(/) := /Zg+,(7r,rV)- We 
have (B^/i)^ S A^g(B), provided q ^ A, but we have no control of this kind 
for q G A. Thus, although the operator J2z£A^^z would cover 5", it does 
not respect the structure of the space for the components in A. On the 
other hand, {Azp,)q{f) := ^qj^z{azT^ f) G M.q{Q) for each q G U^. Accord- 
ingly, for each (7 G A, we must deal only with the remainders {J!izp')qif) ■= 
Hq+ziT^zT^ f)- We can again use our decomposition operators to write 
(Iizp.)q{f) =J2q'£Z'i(^zP')qiJq'f) and then redistribute the various terms 
to the appropriate components of the vector; indeed, J'^,(Rzp-)q G M.q'{@). 
Finally, defining, in analogy with the previous case, ( by "^(S'fie) = (IjC)) 
we can define the covering dynamics S{ci,,v') := {cu,CyC, + Siy), where 



(4.13) {Su)q := { 



E 

zeA 

E 

_ zSA 



{}CBz{0,u))q+Y. Jq{A{0,i^))q 

g'eA 

(JCAz{0,i^))q+ J'^{mz{0,iy))q 
q'eA 



ifq^A, 
if Q G A. 
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Once more, one can easily check that for each v € the following holds: 



that is, we have a proper covering of the original dynamics. Moreover, by 



This proves properties (AO) for and (A2) by exactly the same arguments 
used in Section 4.1. 

4.4. Locality. The idea for the verification of condition (A4) is, again, to 
approximate the true dynamics with one in which the interactions are cut 
off at a proper scale. More precisely, let A' ,B' be two L/2-neighborhoods of 
A, B, respectively. Similarly to what we did in the previous section, we can 
kill all interactions in A' U -B' at a distance larger than L/2s. If we call Pg the 
distribution of the resulting Markov process started from the configuration 
6, then Assumption (A8) implies 



\Fl{f{6,,...,6s)g{9,,...,e,))-F''e{f{0i,...,eM0i,...,0s))\ 

< Cs{M + L)''s^'L-^'\\fg\\^ < CmL~^^'~''^ s^^'-^^fgW^ 

with e>d + 2.As pO(/(ei, . . . , 0^)g{ei , . . . , ^.)) = P^(/(ei, . . . , ^s))P^(ff(^l , 
...,9s)), by construction, condition (A4) follows, provided we choose ^ = 
^'-(i>4 and |>^' + 1. 



4.5. Absolute continuity. Since we aim to prove that fi is absolutely con- 
tinuous with respect to /iei it is natural to work in the smaller space M'^ 
of measures on which are absolutely continuous with respect to //g- In 
addition, we now have a natural reference measure, so we want to choose 
the measure m, in the construction of the lift ^ defined at the beginning of 
Section 4.1, to be /ig- This implies ^'(/ie) = (1)0) G B. Clearly, all the results 
of the previous section apply with this choice of m. 

First, note that the above is consistent. 

Lemma 4.6. Both /C' and S' are well defined as operators from to 
itself. 

Proof. First consider the case of a measure v ^ M'^ such that / := 



Vr[^'^v]{f)=v{S''f) 



for all n G N, 



(A9)(b) 



(4.14) 




<r7o(l + (l + 2|A|)Z)) = 77i<l. 



|^eL-(e,/.e).Then, 
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for each bounded measurable 99 : — > M. Now, for each v G A^*^, again calhng 
/ the density, by monotone convergence, 

1C'{v){lp) = sup/C'((/ A n)ne){ip) < supn^e(v') 

n n 

for each such 93. In particular, this holds for 93 = 1^ being the indicator func- 
tion of any /ie-null set. Hence, /C'(z^)(A) = if ^e(^) = 0. Similar arguments 
hold for S' by using the translation invariance oi fie- ^ 

On the other hand, in the present generality, it is not guaranteed that Jq 
maps into itself, so we cannot check directly that the covering dynamics 
S : 5 — > ;B preserves absolute continuity of the components. 

The above considerations show that it may not be very convenient to work 
with the decomposition (4.13) to treat the problem of absolute continuity. 
Furthermore, the second sum on the left-hand side of (4.13) is of a highly 
nonlocal nature, which makes it very hard to control the sum of the com- 
ponents of the resulting vector. To overcome these difficulties, it is useful to 
decompose the operator S into a convex combination of two operators — one 
representing a random walk with fixed transition probabilities and the other 
(small) one keeping the dependence on the environment. To do so, it suffices 
to write 

(4.15) vr^ = (1 - k)c^ CT^, 

where := (1 - k)~^ max{0, - UtTzHoo}, := ^"^(vr^ -max{0, - ||7rz||oo}) 
and K := l — J2zeA^^^{^T^z — Utt^Hoo} < is small by Assumption (A9)(c). 
Let us set 5*0/ := J2z CzT^K,f and 5i := J2z T^zT^^f ■ Clearly 5 = (1 — k)So + 
kSi and c^,7r^ > 0, J2z(^z = J2z^z = 1- Hence, \Sof\oo < |/|oo, |5'i/|oo < 
I /loo- It is then convenient to consider a Bernoulli process with probabil- 
ity (1 — k,k). For each a G {0, 1}^, we let <t" be the first n symbols of <t 
and set S^^ := S^^ ■ ■ ■ S^i- Using E for the expectation with respect to the 
above process, we see that 

(4.16) S^f = EiS^nf). 

The advantage of the representation (4.16) lies in the fact that So can be 
conveniently treated by our covering space techniques, while the occurrences 
of Si are weighted by a small probability. 

To be more precise, recall that, by the analogue of (4.8), fi = limAr_^oo 5"^ /ig- 
Then, after setting ( := {S' — l)/ie, we can write 

N-l 



n=0 

(4.17) 

IS^'^V^)! < \EiCiS^u^)l^J\+Eil^c)M 
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where S„ is the set of a such that u" contains a string of zeros with length 
greater than t„ := -(1 - i?)[ln(l - K)]-^lnn, i9 G (0,1). Clearly, E^lj^cJ < 



We have 



e . On let mo- denote the beginning of the first string of t„ zeros. 



IC(5»| < 

(4.18) 



<ii;(|Pr(s^"vi/(5; 



C))(5o™.(^)lsJ) + e- 



where we have introduced the covering operator So defined by 
(4.19) So(c„(i>),) = (c„(5oi>),):= 



c„5](/CC,(0,i>)), 



and, contrary to (4.13), we have defined (0^(0, ^'))g(/) := Ug^^iczT^ f)- A 
direct computation shows that Sq covers Sq , hence formula (4.18). 

Note that the summands in the first line of (4.17) are absolutely continu- 
ous measures with respect to fie, by Lemma 4.6. Hence, the total variation 
of such measures is the L^(0, /ie)-iiorm of their density. 

Unlike S, the operator So is reasonably local. To make precise such a 
locality, we introduce the norm ||p||i := X^peZ^ Wp\ define Bi := {(0, u) G 
B : ||z/||i < oo}. 

Lemma 4.7. For each (0, P) G Bi, 

\\SoHi < %ll^lli- 



Proof. Let (0, r')£Bi. Then, 



E(^oi>)pi<Ec^E 

zGA pgZ<^ 



zeA pGZ'* L geZ''\{p} 

< do||z^||i + E l^<?l E "^-^ E 

zsA ijeZ''\{o} 



do + E ^ 

V ) II '^ll 1 • 
V 1)^0 / 



□ 



Next, we verify that the above norm is relevant to the problem at hand. 
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Lemma 4.8. For each n G N and a G {0, 1}^, we have 



Proof. We start by studying J'^S'^nfie- We will also write S for S^, 
since the computation is exactly the same. Given g G Z'^, we can change 
the kernel K for all points \\p\\ < ^\\q\\ to have only interactions of range 
C4||g||(8n)^^. (The constant C4 is defined at the beginning of Section 4.1.) 

We call /C^'^^ and S^'^^ the resulting Markov operators for the process of 
the environment and the environment as seen from the particle, respectively. 
Clearly, by Assumption (AS), 

\\{S^^^ - SM^<C\\q\r^'+''n^'Moo. 
Hence, for all m<n, 

m—l 

||((5W)- _ s^M^ < E \\iS^'^)\s(^^ - 5)5-i-Vlloo 

k=0 

(4.20) 

<C\\q\\-^'+''n^'m\\ip\\^ 
and the same holds for IC^'^^ and /C. On the other hand, if n < then 

zi,...,z„eA 

= E ^z.JC^'^r^' K^^'^ • • • JC^'^r'"-' • • •] 
zi,...,z„eA 

= E ^.1^^'^^'^ K^^"^ • • • IC^'^r^-' [vr.J • • •] 
zi,...,2„eA 

X r^i+-+^"/C" J,v7 + 0(||(?||-«'+'^n«'+i||^||oo), 

where we have used the fact that if two functions f^g have disjoint support, 
then /C('?)(/5) = /C('')/./C('?)5, the same considerations as in (4.20) and the 
translation invariance of JC. Set z""*^ := (z^+i, . . . , Zn) and 

V;^„ := r-^i— [k ^^1C^''\'^ [vr^-^/C^^^ • • •/C^'^V^"'! [vr^J •••]]. 

Then, 

= [r-"i--""7r,J/C('?)[r-^2— -^"7r^,,]/C(«) •••/C(«)[T-^"7r^J 
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since, when applied to a function / supported in the box {p G Z'^: ||p|| < 
^||g||}, the operator /C'^'^^ is invariant under translation by r~^^ pro- 
vided nCi < ^\\q\\, that is /C^^V"^! ^^j^^-zj ^njQ{q)f_ 

Remark 4.9. Note that later on in the proof, we will apply K,^'^^ to 
functions that are supported in a box of size ^||(?|| centered at the origin. 
Hence, by construction, such functions never see the kernels in which the 
interaction is long range and, accordingly, we can modify /C^'^^ to have inter- 
actions of length \\q\\ in all of Z"^ without any change in the above formulae. 
We will call K,^^^ the resulting translation invariant object. 

We set H„ := ... V'z" ^'^'^ write the above estimate as 

(4.21) |^e(5V,<^) - ^ie{^n ' {IC^'^T J,^)\ < C|| gH" |U • 

As Jqip does not depend on points ||p|| < C4||g'||, (4.11) yields 

|/ie(5"J,V?) - /ie(H„) • A^e((/C(«))"J,(/.)| 

<C'||g||-«'+'^n«'+i||^||oo + C'||<7|r«'+'^(ln||g||)«'+iv9||oo||H„||oo 
and as ^ei^'^'^T Jq^) = ^^e{Jq^) + 0{\\q\\-^' +'^n^' +'^\\^\\oo) , it follows that 

< |/Xe(H„ - l)||b||oo + C||g||-«'+'^n«'+l||^||oo(l + Pnlloo) 

+ C7||g||-«'+'^(ln||g||)«'+^||V9||oo||H„,|U. 
At this point, we can estimate the real objects of interest: 



1 

|C(5V,(/.)| < ^ \fie{^n+i - mMoc + C||(?||-«'+V+i(^|loo||^n||oo 



i=0 

(4.22) 

+ C||g||-«'+'^(ln||g||)«'+i^| 



oo oo • 



To conclude, we must estimate |/ie("n — 1)1 and the norm ||>^ri||oo on the 
right-hand side of the above equation. To do so, it is convenient to consider 
the operators fCgip := glC^'^^Lp, ICgcp := glC^'^^Lp — gfii''\ip), where fii'^^ is the 
unique invariant measure of the operator IC^'^\ The proof of the existence of 
such measures is exactly the same as the proof of the existence of fie or fir ■ 
Note that ICgl = 0. If we set vr^n-fe := r~^*=+i ^"vr^^,^^, then 
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The translation invariance discussed above implies 

(4.24) ^|7r,n;,(^)(/C^^_^ . ..K^^, l)| < ( 1 + ^ ||vr,|U ) =l + D. 

To conclude, we need to understand the properties of compositions of the 
operators AC^j . To do so, we again use our covering spaces, as we did for the 

operators /C, S. Indeed, given an operator ICg with g = a + g, a G M, and g 
supported in the box p + A centered around p, we can define the covering 
dynamics ICG of IC'g, where /C is defined as in (4.7), while G^Cy, u) := (0, Gu) 
is defined, in analogy with (4.13), by 

p'ep+A 



aun 



if g ^ p + A, 
if (/ G p + A. 



A direct computation shows that Pr(/CG'i • • •/CGn^'i^) = K!g^ • • - tig^v, that 
is, the above operators cover arbitrary products of the operators of interest. 
In addition, if G Cf^^ depends only of M variables, then 



(4.25) \\tg^---tgMoo< 



n(a+(l + 2|A|)||5fc||oo)E^9 
Lfc=i q 



M 



Iterating the procedure in (4.23), (4.24) and using (4.25) yields 



n-l 



(4.26) 



|H„||oo<C^7?f(l + Z))<0O. 



fc=0 



Next, observe that ^^\'En) = 1, which can easily be checked by a direct 

computation that uses the invariance of under translations and under 

the kernel IC'''^\ Hence, |/ie(Sn — 1)| < |/ie(Sn) — fJ-e^\'^n)\ and as H„ depends 
on at most C||(7||'^ variables, we can apply (4.8) and its analogue for the kernel 
iC^'^^ to conclude that 



|/Xe(HO-/ii'^)(H„)|<||/C"H„-(X;(«))"(H„)|L+C||g||VPn| 



(4.27) 



<n-G\\qf J2 dp + C\\qfrj^E, 

\\p\\>C4\\q\\/8n 

<C||(/r-«'ni+€'.||H„||oo, 

where we used Assumption (A8) in the last step. 

Combining (4.22), (4.26) and (4.27), we thus arrive at 

|C(S"J,(^)| < C||(?f-«'ni+«' • ||(^|U(1 + llSJIoo), 
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which, using the trivial bound | Jg(S")"z^| < 2\u\ for \\q\\ < n^^'~^^y(^' ^\ im- 
phes the lemma, as ^' > 2d by Assumption (A8). □ 

Finally, applying Lemmas 4.8 and 4.7 to (4.18), we have 

(4.28) |C(5>)| <C'(r?*"?i««'+i)/(5'-'^))^ + e-^^"''^')||(^||oo <C'n^^1l^||oo, 
where Ce > 1. Indeed, rj^" < n-((i-'')i>^V')/On{i-S)~^)^ thus the claim 

holds true, provided f^*^ > ^ equivalently, ?/o < (1 ~ 

£))(«'(i+rf))/({5'-d){i-f)). By Assumption (A9)(c), we can always choose 
so that this inequality is satisfied. 

Accordingly, the sum on the right-hand side of the first line of (4.17) 

is convergent, which implies that ^^^^^J converges in L^{Q,ij,e) to some 
function h, hence fj, = hfie is absolutely continuous with respect to He- 

Finally, to prove equivalence, if fi^ is not absolutely continuous with re- 
spect to /i, then there exists an invariant set A such that //(^) = but 
/ie(^) > 0. Accordingly, 

= /x(^"lA) = /^e(/i5"lA)= E Me(/ivr,,/Cr^i7r,,---OA), 

En 
f-ev".- . »=i^*lyi) = for each choice of n and Zi such that 

72- 7^ 0. By ellipticity, there exist s E N and J2i=i Zi = [see the proof 

of (2.9)], thus fie{hlC^lA) = 0. To conclude, we consider the processes and 

P^^ . Clearly the first is absolutely continuous with respect to the second and 

the Radon-Nikodym derivative is given by H{{6t)) := h[9{)). Accordingly, 

calling r the time shift and considering the set B := {{9t) ^^:9q ^ A}, we 

have Epe^(i7f^"]lB) = ^e(/i/C^"]lA) = 0. Thus, 

-, 71—1 

" /c=0 

But the Birkhoff ergodic theorem and the ergodicity of P^^ then imply 

0=Epe^(/?)Epe^(lB)=/^e(^), 

which is a contradiction. This shows that jx and fXe are equivalent, hence 
Assumption (Al). 

APPENDIX: CENTRAL LIMIT THEOREM FOR ADDITIVE 
FUNCTIONALS OF MARKOV CHAINS 

In this Appendix, we recall the results and arguments of [19], keeping 
explicit track of some estimates that are needed for the present paper. The 
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basic idea, going back to [16], is to construct a martingale approximation 
by solving the equation 

{l + e)h,=Uhe + g, 

where g = {w, G) satisfies condition (2.21). Setting Vth := X]s=o n^/i, a solu- 
tion to this equation can be written as 

If we define 
then 

t-i t-i 

s=0 s=0 

where M^.t is an .F^-martingale and Rf^^t a boundary term 

t-i 

Ms,t ■.= '^He{uJ>s,i^s+l); Re,t ■■=Ilhe{uo) - Ilhs{ut). 

Lemma A.l. // (2.21) holds, then for each e > 0, setting := 2~^e, we 
have Yl,T=o V^kW^^k II ~ o((lne~-^)~''), where the norm is the L"^ -norm. 

Proof. By definition, 

oo 

\\h,\\<C + CeY^[\\Vsg\\s-'"^{\nsY]^e{s){\ns)-P, 

s=2 

where V3e(s) := s^/^(l + e)~^. Then, 



5:^,||/.,J|<Ce3/2 + C^(ln.)-^[||y,g||.-3/2(ln.n^4/V..(^) 

k=0 s=2 k=0 

and 



oo oo / s 3/2 

fc=0 k=o^^ ^ 
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Setting i = e it follows that 

oo i-1 

^V^,||/.,J|<Ce=^/2 + Ce3/2£3/2 5:[||y.,||.-3/2(ln.n 

k=0 s=2 

oo 

+ C(ln£)-^5][||F,5p-3/2(ln5n 

s=£ 

oo 

< Ce^/^ + C(lne-^)-Pj2[\\Vsg\\s-^/\lnsy] 

s=l 

and the result follows trivially from (2.21). □ 
Theorem A. 2. // (2.21) holds, then 

Y,g{u,) = Mt + Ru 

where Mt is a martingale and \\Rt\\ < Ct"^/^(lnt)~''. 

Proof. Since, by [19], Lemma 2, {H^^} is a Cauchy sequence in L^(P), 
we set := limfc^oo H/r^ . Then, by Lemma A.l, there exist Rt := limfc^oo Rek,t 
and J^lzl g{us) = Mt + Rt, where Mt := X;*=o H{us,oJs+i) is an L^-martingale. 
The last estimate follows from Lemma A.l and equation (8) of [19]. □ 
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